BRAID MONODROMY FACTORIZATION FOR A NON-PRIME K3 

SURFACE BRANCH CURVE 
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Abstract. In this paper we consider a non-prime K3 surface of degree 16, and study a 
specific degeneration of it, known as the (2,2)-pillow degeneration, [ID] . 

We study also the braid monodromy factorization of the branch curve of the surface with 
respect to a generic projection onto CP 2 . 

In [3] we compute the fundamental groups of the complement of the branch curve and of 
the corresponding Galois cover of the surface. 



1. Overview 

Given a projective surface and a generic projection to the plane, the fundamental group 
of the complement of the branch curve is one of its most important invariants. Our goal is 
to compute this group and the fundamental group of the Galois cover (which is known to 
be a certain quotient of the fundamental group of the complement of the branch curve, see 
[T3] ) . This goal is achieved in [I] . 

In this paper we deal with a non-prime K3 surface of degree 16 which is embedded in 
P 9 . In order to compute the above groups we degenerate the surface into a union of 16 
planes. We then project it onto CP 2 to get a degenerated branch curve Sq, from which one 
can compute the braid monodromy factorization and the branch curve 5* of the projection 
of the original K3 surface. With this information we will be able to apply the van Kampen 
Theorem (see [20]) and the regeneration rules (see [18]) to get presentations for the relevant 
fundamental groups. 

The idea of using degenerations for these purposes appears already in [3], [9], [11], [13] 
and [IT]. Degenerations of K3 surfaces, of which the one we use here is an example, were 
constructed in [10] and are called pillow degenerations. 
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The study of braids was begun by Artin in [1] and [2]; see also Chisini [8]. The braid 
monodromy technique was first presented by Moishezon-Teicher in [12], [TJ] and [15]. Many 
examples of computations of braid monodromy have been executed, see for example in [3], 
[5], [15]. Also in [7J one can find a description of computations of braid monodromy and 
the fundamental group ^(CP 2 — S) of the complement of the branch curve of a surface. 
In this work we encounter new type of singularities (3-points, see Section 14.2.11) which have 
not been handled before, whose analysis is necessary to give the precise computations of the 
braid monodromy. Moreover, since the monodromies related to 6-points are quite hard to 
follow, we present them first in a precise way algebraically, followed then by figures which 
illustrate the computations. 

In [7J, the authors also considered the branch curve of a projection of a non-prime K3 
surface. But they considered quotients of 7ri(CP 2 — S) (where S is the branch curve) by 
a subgroup of commutators (commutators of geometric generators which are mapped to 
disjoint transpositions by the geometric monodromy representation, see Definition 2.2 in 
that paper). Their motivation came from the theory of symplectic manifolds and families of 
projections where the branch curves acquire and may lose pairs of transverse double points 
with opposite orientations; creating a pair of double points adds a commutation relation. 
The quotient there is the largest quotient of 7Ti(CP 2 — S), which is guaranteed to be invariant 
under these operations, and it is different from the 7Ti(CP 2 — S) or the group related to the 
fundamental group of the Galois cover, which is our aim (see [1]). 

The paper is divided as follows. In Section [2] we give the definition of a degeneration 
and explain briefly the computations from [10] . In Section [3] we review the general setup 
and the notion of the braid monodromy. In Section H] we recover the relevant properties 
of the branch curve S of the generic projection to the plane of the K3 surface by using 
regeneration techniques. Section states the braid monodromy factorization of A^ g of S 
and its related invariance properties. We explain why the computations of A| 8 and its 
invariance are necessary for this work and for future work. 

2. K3 SURFACES AND THEIR DEGENERATIONS 

2.1. K3 surfaces. Compact complex surfaces are classified into four broad categories, based 
on the growth rate of sections of powers of the canonical class. Such sections can either 
be always zero (rational or ruled surfaces); form vector spaces of bounded dimension, or 
have spaces of sections whose dimensions grow linearly (elliptic surfaces) or quadratically 
(surfaces of general type) with the power. For surfaces for which these sections are bounded, 
some multiple of the canonical bundle is trivial, and there are nine separate families up to 
complex deformation. The surfaces of this type which are simply connected in fact have 
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trivial canonical bundle, and are called K3 surfaces; the invariants for such surfaces are 
p g = 1, q = 0, e = 24, and h 1,1 = 22, see [9] and [10]. The most common example of 
a K3 surface is a smooth quartic surface in P 3 . The moduli space of all K3 surfaces is 
20-dimensional. 

Most K3 surfaces are not algebraic; the algebraic ones are classified by an infinite collection 
(depending on an integer g > 2) of 19- dimensional moduli spaces. The general member of 
the family has a rank one Picard group, generated by an ample class H with H 2 = 2g — 2; 
the general member of the linear system \H\ is a smooth curve of genus g, and this linear 
system maps the K3 surface to P 9 as a surface of degree 2g — 2. For example, the quartic 
surfaces in P 3 form the family with g = 3. The integer g is called the genus of the family. 

The K3 surfaces may also be embedded by a multiple cH of the primitive class H; this 
will exhibit the family of K3 surfaces of genus g as surfaces of degree D = c 2 {2g — 2) in P , 
where G = 1 + c 2 (g — 1), whose hyperplane section is an element of \cH\, and therefore is a 
curve of genus G. 

2.2. Degenerations of K3 surfaces. Let us start this section with recalling the definition 
of degeneration from [17] . 

Definition 1. Projective degeneration Let A be the unit disc, and X,Y be algebraic 
surfaces (or more generally algebraic varieties). Suppose that k : Y — > CP n and k! : X — > 
CP n are projective embeddings. We say that k! is a projective degeneration of k if there 
exist a flat family n : V —>■ A, and an embedding F : V — > A x CP™, such that F composed 
with the first projection is tt, and: 

(a) tt-^O) ~ X; 

(b) there is a to ^ in A such that 7r _1 (t ) — Y; 

(c) the family V — 7r _1 (0) — > A — is smooth; 

(d) restricted to 7r _1 (0), F = x k! under the identification o/7r~ 1 (0) with X ; 

(e) restricted to 7r -1 (to); F = to x k under the identification o/7r _1 (t ) with Y. 

In [10], the authors constructed a degeneration of embedded K3 surfaces, to a union of 
D planes, meeting according to the combinatorics of a certain triangulation of the 2-sphere. 
Such degenerations are called Type III degenerations, and there are many such available. 
The particular one constructed there was formed by first decomposing the sphere into two 
rectangles, then decomposing each rectangle into ab squares (by decomposing the sides of 
the rectangles into a and b line segments), and finally decomposing each square into two 
triangles (planes). The parameters a and b are free to choose, and the construction exhibits 
a degeneration of K3 surfaces into 4ab planes. If c is the greatest common divisor of a and 
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b, the general member of the family is a smooth K3 surface embedded by the multiple c of 
the generator H of the Picard group. Hence using the above notation, 4ab = 2c 2 (g — 1), so 
that g = 1 + 2(ab/c 2 ) and G = 1 + 2ab (the number of coordinate points in P G is G + 1). 
The boundary of the two rectangular arrays of planes contains 2a + 2b lines, where the 
identification is taking place. 

This degeneration of a K3 surface, is called a pillow degeneration, see |10j . 

This article proceeds by making further analyses with the a = b = 2 case. Given a non- 
prime K3 surface of degree 16, we get the pillow degeneration (K3) , as depicted in Figure 
CD We quote the main result from [10J. 

Theorem 2. The (2, 2) -pillow degeneration (K3)q is a total degeneration of a smooth K3 
surface of degree 16 in P 9 . The smooth K3 surface is a re-embedding of a quartic surface in 
P 3 via the linear system of quadrics. 
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Figure 1. The (2, 2)-pillow degeneration 
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For the regeneration process we have to fix a numbering of the vertices and lines. The 
boundary points are labeled from 1 to 8, while the interior point on the top is 9 and on the 
bottom is 10. The 16 planes meet each other along a total of 24 lines, each joining two of 
the 10 coordinate points. The numbering of the vertices induces a lexicographic numbering 
of the lines as follows. If L has endpoints a < b and M has endpoints c < d then L < M if 
b < d or d = b and a < c. This gives a total ordering of the lines, which we interpret as a 
numbering from 1 to 24, as shown in Figure [TJ 

Note that the coordinate points 1, 3, 6, and 8 at the corners are each contained in three 
distinct planes, while all other points are each contained in six planes. We call these two 
types 3-points and 6-points respectively. 

A general projection f : (K3)q — > CP 2 will also be a degeneration of a general such pro- 
jection of the smooth K3 surface. Under / , each of the 16 planes is mapped isomorphically 
to CP 2 . The ramification locus Rq of fo is the closed subset of (K3)q, where fo is not a local 
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isomorphism. Here R is exactly the 24 lines. Let S = /o(-Ro) De the degenerated branch 
curve; it is a line arrangement, composed of the images of the 24 lines (each counted twice 
and each of which is a line in the plane). 



3. The braid monodromy notion 

Consider the following setting (Figure [2]). S is an algebraic curve in C 2 , with p = deg(S). 
Let 7r : C 2 — > C be a generic projection onto the first coordinate. Define the fiber K(x) = {y \ 
(x, y) G S} in S over a fixed point x, projected to the y-axis. Define N = {x \ #K(x) < p} 
and M' = {s G S \ tt\ s is not etale at s}; note that tt(M') = N. Let {Aj} q . =1 be the set of 
points of M' and A" = {xj} q - =1 their projection on the x-axis. Recall that 7r is generic, so we 
assume that ^(tc^ 1 (x) D M') = 1 for every x G N. Let E (resp. D) be a closed disk on the 
a;-axis (resp. the y-axis), such that M' C E x D and C Int(E). We choose u G dE a real 
point far enough from the set N, so that x « u for every x G N. Define C n = 7t _1 (m) and 
number the points of K = C u D 5 as {1, . . . ,p}. 

it 
v 



" n' 

Figure 2. General setting 

We now construct a g-base for the fundamental group iti(E — N,u). Take a set of paths 
{7j}j=i "which connect u with the points {xj}j =1 of N. Now encircle each Xj with a small 
oriented counterclockwise circle Cj. Denote the path segment from u to the boundary of this 
circle as 7'-. We define an element (a loop) in the g-base as 5j = ^'jCjj'J . Let B p [D, K] be 
the braid group, and let Hi, ... , H p -x be its frame (for complete definitions, see [TU Section 
III. 2]). The braid monodromy of S j2] is a map if : ft\{E — N, u) — > B P [D,K] defined as 
follows: every loop in E — N starting at u has liftings to a system of p paths in (E — N) x D 
starting at each point of K — 1, . . . ,p. Projecting them to D we obtain p paths in D defining 
a motion {l(t), . . . ,p{t)} (for < t < 1) of p points in D starting and ending at K. This 
motion defines a braid in B p [D, K\. By the Artin Theorem [T5], for j = 1, . . . , q, there exists 
a halftwist Zj G B P [D,K] and tj G Z, such that ip(5j) = Z e - 3 , where Zj is a halftwist and 
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6j = 1, 2 or 3 (for an ordinary branch point, a node, or a cusp respectively). We now explain 
how to describe this Zj. 

First we recall a definition of an almost real curve from |15| . as we have such curves here. 

Definition 3. A curve S is called an almost real curve if 

(1) N CEHR, 

(2) N C E — dE, 

(3) \/x E E n R - N, #(K n R)(x) > p - I, 

(4) Vx G N 1 #7T- 1 (x)f]M' = 1, 

(5) The singularities can be 

(a) a branch point, tope-logically locally equivalent to y 2 + x = or y 2 — x = 0, 

(b) a tacnode (a line is tangent to a conic) 

(c) an intersection of m smooth branches, transversal to each other. 

We explain how to get the braid monodromy around each singularity in S. Let Aj be a 
singularity in S and denote by Xj its projection by n to the x-axis. We choose a point x'j 
next to Xj, such that it~ l (x'j) is a typical fiber. If Aj is (b), (c) or (d), then x'j is on the right 
side of Xj. If Aj is (a), then x'j is on the left side of Xj (the typical fiber in case (a), which 
is on the left side of this singularity, intersects the conic in two real points) . We encircle Aj 
with a very small circle in such a way that the typical fiber 7r~ 1 (x'j) intersects the circle in 
two points, say a, b. We fix a skeleton £ x i, which connects a and b, and denote it as < a, b >. 
The Lefschetz diffeomorphism \1> ([3, Subsection 1.9.5]) allows us to get a resulting skeleton 
(£x' )^ i n t ne typical fiber C u . This one defines a motion of its two endpoints. This motion 
induces a halftwist Zj = A < (6^.)^ >• As above, <p{8j) = A < (^.)* > 6j . The braid 
monodromy factorization associated to S is 

4. The branch curve S and its regeneration 
4.1. The branch curve Sq. The degenerated object (K3)o has {j}}=i as vertices. By the 

24 

projection / : iC3o — > CP 2 , we obtain a line arrangement So = IJ Lj, and the projections 

i=\ 

fo(j) = j are singularities of Sq. The 3-points are 1, 3, 6, 8 and the 6-points are 2, 4, 5, 7, 9, 10. 
In the following subsection we regenerate in neighborhoods of these singularities. The mon- 
odromies will be given in the next section. 

Besides these singularities in So, there are also parasitic intersections: these come from 
lines in (K3)o which do not intersect, but when projecting (K3)o onto CP 2 , they will inter- 
sect. Denote each line in (K3)o as a pair (by its two end vertices). Let u be a point, u ^ So, 
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such that #C n = 24, and = i fl C u a real point. Take two non-intersecting lines p = (i, k) 
and t = (j,£) in (K3) . 

Notation 4. We denote by (resp. Z^) the counterclockwise halftwist of i and j along a 

(P) 

path below (resp. above) the real axis. If P is a set of points between i and j, Zy denotes 
the path from i to j going above the points in P and below the points not in P. Conjugation 
of braids is defined as a b = & -1 a£>. 

We first compute the products D t := Yl Zpt as explained in [HI Theorem IX.2.1]. 

pnt=0 

D x =D 2 = D 4 = Id, D 3 = Z 2 2 3 , D 5 = Z 2 35 , D 6 = H Z 2 6 , D? = ]J Z? 7 

i=l,3,4 ( 5 ) i=l,2,5,6 

6 

d 8 = n z 2 8 , d 9 = n z 2 9 , d 10 = n z? 10 , d u = n z? n , 

i=l,2,5,6 i=l-4,7 ( 8 ) i=l i=l-4,7,8,10 

7 12 12 12 

f=i (") 7=t f=i ( 13 ) f=i ( 13 )( 14 ) 

i^4,5 i^2,6 «^3,4,7,8 

12 12 11 18 

-Di6 = 1 I Z 2 W ) D 17 = I ( Z 2 17 , D 18 = 1 I Z 2 18 , Dig =11 Z 2 ig , 

(13)-(15) ^ (13)-(16) ^ (13)-(17) £J 

i^5,6,9,ll #7,10 #8-10 i^3 

18 18 18 

D 2 = II %>i 20 ) ^21 = II ^ 21 ) ^22 = II 22 5 

7 = 3 (19) (19)(20) £J (19)-(21) 

#4,5,13 #3,4,7,8,15 #5,6,9,11,16 

17 18 

-D23 = |l ^ 2.', • £*24 = 24 . 

£J (19)-(22) f£ (19)-(23) 

#8-10,12 1^11,12 

Define the parasitic intersection braids as 

(1) c 3 = \{d u 

jet 

where j is the smallest endpoint in the line t. In our case, C x — D\ ■ D 3 ■ D 19 , C 2 — 
D 2 -D 4 -D 5 -D 13 -D 20 , C 3 = D 6 -D U , C 4 = D 7 - D 8 - D 15 - D 2U C 5 = D 9 - D n - D w - D 22 , C 6 = 
Dio ■ Dn, C7 = D12 ■ D\g ■ D 23 , Cg = D 24l C 9 = C X o = Id. 



4.2. The regeneration of So- The degenerated branch curve S 9 of (K3)o has degree 24. 
However each of the 24 lines of So should be counted as a double line in the scheme-theoretic 
branch locus, since it arises from a line of nodes. Another way to see this is to note that the 
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regeneration of (K3) induces a regeneration of S in such a way that each point, say c, on 
the typical fiber is replaced by two nearby points c, c'. 

The curve So has 3-points, 6-points and parasitic intersections. In the forthcoming sub- 
sections we explain how to regenerate the curve in neighbourhoods of these points. The 
resulting branch curve S will have degree 48. 

4.2.1. Regeneration of 3-points. The 3-points in So are 1,3,6,8, see Figure [TJ The regener- 
ation is divided into steps. We explain each step in two levels, first dealing with the surface 
and then with the branch curve. 

In the surface level, each diagonal is replaced with a conic by a partial regeneration. 
Focusing on a 3-point, we have a partial regeneration of two of the planes to a quadric 
surface. We get one quadric and one plane, which is tangent to the quadric. The plane and 
the quadric meet along two lines (one from each ruling of the quadric). 

For the regeneration of the branch curve, we need the following lemma from |18j . 

Lemma 5. Let V be a projective algebraic surface, and D' be a curve in V . Let f : V — > CP 2 
be a generic projection. Let S C CP 2 , S' C V be the branch curve of f and the corresponding 
ramification curve. Assume S' intersects D' at a point a'. Let D = f(D') and a = f{ct'). 
Assume that there exist neighbourhoods of a and a' , such that f\ , and f\ D , are isomorphisms. 
Then D is tangent to S at a. 

At the branch curve level, we have two double lines (coming from the intersection of the 
plane and the quadric) and one conic (coming from the branching of the quadric over the 
plane). According to the above lemma, the conic is tangent to each of the two double lines. 

As far as the branch points go, one of the two branch points of the conic is far away from 
the 3-point, and the other one is close to the 3-point; see for example Figure [3J 




Figure 3. Partial regeneration in a neighbourhood of the 3-point 1 

In the next step of the regeneration, at the curve level, we use regeneration Lemmas from 
[15] . The two tangent points regenerate to three cusps each (giving a total of six) and the 
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intersection point of the two double lines gives eight more branch points. One can think of 
this as first giving four nodes, then each node giving two branch points. 

At the surface level it means that we get a smooth surface which locally looks like a cubic 
in CP 3 (degenerating to a triple of planes). 

4.2.2. Regeneration of 6-points. The 6-points in So are 2,4,5,7,9, 10. Each of these points 
is the projection to the plane of a cone over a cycle of independent lines spanning a CP 5 . 
Hence, locally, the surface lives in CP 6 and consists of six planes through a point. 

Let us understand how the regeneration of a 6-point occurs, by focusing for example on a 
neighbourhood around 2 in Sq. The first regeneration consists in smoothing out the lines 4 
and 5 and therefore replacing four of these pairwise adjacent but opposite planes with two 
quadrics, see Figure HI 



Then one smooths out the lines 13 and 20. This produces two cubic rational normal scrolls 
meeting along the lines 1 and 2. Now the union of these lines on each scroll is homologous 
to a non singular conic, so we can further regenerate to make the two scrolls meet along a 
smooth conic (in this way 1 and 2 are replaced by a smooth double conic). We visualize a 
purely local figure (Figure EJ), in order to understand this step. 

Finally one smooths the conic too and arrives to a Del-Pezzo sextic in CP 6 . 

A similar regeneration occurs in the neighbourhoods of the other 6-points. 



20 




Figure 4. Partial regeneration in a neighbourhood of the 6-point 2 




Figure 5. Second step of regeneration 



10 M. AMRAM, C. CILIBERTO, R. MIRANDA, M. TEICHER 

5. The braid monodromy factorization A 48 

In Section H] we explained how to obtain the branch curve S, which has degree 48. At this 
point we will compute the braid monodromy factorization A| 8 of S. 

In Subsection 15.11 we formulate braids and regeneration rules. In Subsection 15.21 we com- 
pute A| 8 . In Subsections 15.31 and 15.41 we show an invariance property of A| g , and emphasise 
its importance. 

5.1. The regeneration rules. Recall that Z^ is a counterclockwise halftwist of two points 
i and j. We start with an example that illustrates conjugated braids. 

Example 6. The path on the left-hand side in Figure^ is constructed as follows: take a path 

z 34 and conjugate it by the fulltwist Zf 3 ( 1 encircles 3 counterclockwise while moving above 

z 2 

the axis). We get the left-hand side path z 34 13 . The right-hand side path is constructed as 
follows: take again z 34 and conjugate it first by Z\ z (3 encircles 2 counterclockwise) and then 

by Zf 3 (3 encircles 1 counterclockwise while moving below the axis). We get the right-hand 

z 2 z 2 z 2 z 2 z 2 z 2 z 2 z 2 

side path z 34 3 13 . The related halftwists of z 34 13 and z 34 23 13 are Z^ 3 and Z 34 3 13 respectively. 





Figure 6. Example of conjugated braids 

In Section 14.21 we explained that by the regeneration one gets the original branch curve 
S. Let N, M, u be as in Section [3J The set K = S n C u are the intersection points of the 
curve S with the typical fiber C u ; #K = 48. Recall that by the regeneration, each point c 
in K = S fl C u is replaced by two close points in K, say c, c'. 

We define the braid Zfj to be a fulltwist of j around i, and Zf,- to be a fulltwist of j around 
i' . The braid Zf v - is obtained by a regeneration (the point i on the typical fiber is replaced 
by i, i') and it is a fulltwist of j around i and i'. This braid (and similar ones) is formulated 
in the following lemma: 



Lemma 7. [31 Lemma 2.5] 

The following formulas hold: Z 2 iV j = Zf^Zfj, Zl y . = Zf, jf Zf tj , Z^ jjt = Z^Z^f,, Z^ 2 jjf = 

y-2 y-2 y-2 _ y-2 y-2 yl _ yl y2 y-2 _ y-2 y-2 

In the following regeneration rules we shall describe what happens to a factor in a factorized 
expression of a braid monodromy by a regeneration. 

Theorem 8. First regeneration rule [HI p. 336] 
A factor of the form Zij regenerates to ZijiZ^j. 



BRAID MONODROMY FACTORIZATION FOR A NON-PRIME K3 SURFACE BRANCH CURVE 11 

Theorem 9. Second regeneration rule [18j p. 337] 

A factor of the form Zfj regenerates to Z} d ,-, Z 2 --, or Z^, --,. 

Theorem 10. Third regeneration rule [TSJ p. 337] 

A factor of the form Zfj regenerates to Zf --, = {Z\^) z n' ■ (Zfj) ■ (Zfj) z ^' 1 or to Z^, - = 

(4) z "'-(4)-(4) z "" 1 - 

10 

5.2. The factorization. The braid monodromy factorization A^ 8 of S is Y[ Ci^i, where C, 

i= l 

are the regenerations of the parasitic intersection braids from Section 14.14 an d <Pi are the 
local braid monodromies which we get when regenerating around the singularities 1, . . . , 10. 

5.2.1. Braid monodromies related to 3-points. The 3-points are 1,3,6,8. We concentrate 
in the neighbourhood of 1, see Figure [31 First the diagonal line 19 regenerates to a conic 
Qig which is tangent to the two other lines 1 and 3, see Lemma [5j We compute the braid 
monodromy (pi of the resulting curve. 

Proposition 11. The local braid monodromy (p\ is 

(fil =^33^19 • (Zi 3 • Zi 3 • Zy 3 • Zy 3 • Zl 3/ • Zi 3/ • Zy 3/ • Zy 3 /) Z 3 3',i9. 

Z ivig -Zl 9 19 , Z 3 3M9 Z 1 2 1M9. 

Proof. We follow Figure[3l Let tti : E x D — > E be the projection to E. 

Let {j}* = i be singular points of 7Ti as follows: 1, 3 are the tangent points of Qi$ with the 
lines L3, Li respectively, 2 is the intersection point of the lines Li, L3, and 4 is the branch 
point in Qi$. 

Let N = {x(j) = xj I 1 < j < 4}, such that iV C E - BE, N C E. Take u G BE, such that 
C u is a typical fiber and M G C u is a real point. Recall that K = K(M). K = {1, 3, 19, 19'}, 
such that the points are real and 1 < 3 < 19 < 19'. Let % = Li H K for i — 1, 3 and 
{19, 19'} = Qi 9 n 

We are looking for <fM(o~j) for j = 1, . . . , 4. So we choose a g-base {<5.,}j =1 of iii(E — N,u), 

such that each Sj is constructed from a path jj below the real line and a counterclockwise 

small circle around the points in N. 

The diffeomorphism which is induced from passing through a branch point was defined 
1 

in [3] and [15] by A| 2K < k >. We recall the precise definition from [3j. Consider a typical 
fiber on the left side of a branch point (locally defined by y 2 — x = 0). The typical fiber 
intersects the conic in two complex points. Passing through this point, these points become 
real on the right-hand side typical fiber. The two points move to the k'th place and rotate 
in a counterclockwise 90° twist. They become real and numbered as k, k + 1. 
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First find the skeleton £ x >. related to each singular point, as explained in Section [31 Then 
compute the local diffeomorphisms 8j induced from singular points j. Since the points 1 
and 3 (resp. 2) are tangent points (resp. a node), the diffeomorphisms Si and S3 are each of 
degree 2 (resp. 1). 



1 

2 
3 



< 3,19 > 

< 1,3 > 

< 3,19 > 



4 A 2 <3,19> 
2 A<1,3> 
4 A 2 <3,19> 



4 < 19, 19' > 1 A| 2M < 19 > 

Using [21 Theorems 1.41, 1.44] and [15], we compute the skeleton (£ X '.)^Y- t° each j by 

1 

applying to the skeleton £ x i, the product [~f Si. 

i=j-l 

C&i)*^ =< 3, 19 >=z 3 19 



7 4 

^3 19 



19 



19' 



">2 



=< 1,3 > A 2 < 3,19 >= 



7 2 

y^S 19 

'1 3 



p M (5 2 ) = Z\ 3 Z * 19 



19 



19' 




19' 



(^3)*^ =< 3, 19 > A < 1, 3 > A 2 < 3, 19 >= z x 
<Pm(Ss) = Zf 19 



19 



19 



19' 



19' 




(^)^ 7 , =< 19, 19' > A 2 < 3, 19 > A < 1, 3 > A 2 < 3, 19 >= z 
(Pm(S 4 ) = Z 19 19 > z * ^ 19 



7 2 7 2 

^3 19^1 19 

19 19' 



3 19 19' 

• • • 




Now, by Theorem [TUl in the regeneration process each one of the tangent points regenerates 
to three cusps. Therefore, the factors Z\ 19 and Zf 19 regenerate to Z| 3 , 19 and Zf vi9 
respectively. As explained in Subsection 14.2.11 the node is replaced by eight branch points: 
since the lines 1 and 3 double to be 1, 1' and 3, 3' respectively, we get four nodes, the 
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intersections of 1 and 3, 1' and 3, 1 and 3', 1' and 3'. Each node regenerates to two branch 
points. For 1 and 3 we get easily the braid monodromy Z\ 3 • Z\ 3. For the other ones we get 
Zy 3 • Zy 3, Z\ 3/ • Z\ 3/ and Zy 3/ • Zy 3 /. In Figure [7] we show the paths which are related 
to the braids in (py 




Figure 7. 



□ 

The computations for the points 3, 6 and 8 are the same. One has to exchange the indices 
1, 3 and 19 to 2, 6 and 14 (for the point 3), to 7, 10 and 17 (for the point 6) and to 11, 12 and 
24 (for the point 8) respectively. Therefore we can formulate their related monodromies. 

Theorem 12. The local braid monodromy around the 3-point m = 1, 3, 6 or 8 is formulated 
as follows: 

= ^jj',k ' (Zi j - %i j " Zi' j " Zi' j " %i j' ' Z% j> ' Z{> ji • Z v j') 2 "''* • Z\ v k ■ Z k k , Z jj'.k Z ii>,k^ 

where i,j and k are the three lines which meet at the 3-point m and satisfy i < j < k. 

5.2.2. Braid monodromies related to 6-points. The 6-points in So are 2, 4, 5, 7, 9, 10. In Sec- 
tion l4.2.2l we recalled the regeneration near the 6-point 2. The regenerations near 4, 5, 7, 9, 10 
are similar to the one around 2, but they differ in the indices. 

Regenerations in the neighbourhood of a 6-points were studied carefully in [3], [5], [S] and 
[18] . Therefore, we only state the resulting monodromies. 
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Theorem 13. The local braid monodromy <p2 has the following form 



z 2 , 



4', 5 5' 7 2 Z ll',4 Z 2 ^ 55 / 

13 13' ^2 2' 4 ^4', 5 5' 



13 13' . 



5 5'. 



7 2 Z?,„,„,Z?„,Z?.,Z2„, 
J 4,20 20' 



Z^non/" 4 ' 1313 '" 4 ' 55 '" 44 '" 22 '' 4 " 11 '' 4 • ( G- ( F • F Z 20 20' Z 13*13' I 



1 Z -l N^'B^N^ 3 '' 4 ^ 1 ''* 



where 



n — Z 2 ■ Z 3 ■ Z 3 Z 5',13 13' . Z 2 "13 13', 20 20' . Zr r, ^2 2',5 Z/ 5',20 20' *V,13 13' . 



v 5',13 13' ^2 2', 5 ^5', 20 20' 



J 5',13 13' 



ry 2 

^9 o' K-^V on on/A;' 



7 2 7 2 
^1 l',5 ' ^1 1',! 



72 7 2 

5', 20 20' 5', 13 13' 



and 



T? _ v3 V-2 72 ^2 2', 13 . Z 3 Z 2 2',13 

—^2 2', 13 ^13' 20 ^13 20 ^2 2', 20 



• Z>i 2 ' • Z>i/ 2 - 

The figures which correspond to the braids outside G and F are IfflTR The ones which 
correspond to the factors in G and F are [77(0?3l and\24$2R respectively. 



1 




4' 



5 



5' 



13 



13' 



20 



20' 



Figure 8. 




Figure 9. 




Figure 10. 



l 



r 



2 



2' 



4 




20 



20' 



Figure 11. 
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Figure 12. 




Figure 13. 




Figure 14. 




Figure 15. 




Figure 16. 



1 1' 2 2' 4 4' 5 5' 13 13' 20 20' 




Figure 19. 
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Figure 25. 





20' 



Figure 28. 

In the following theorem we give the local braid monodromies (^4,^5,^7,(^9 and ipw 
Related figures can be easily constructed, using Example [6J We note that <pio was computed 
precisely in |3j and [18] (and related figures can be found there). 

Theorem 14. (1) The local braid monodromy if 4 has the following form 

m . — 7 2 . 7 2 Z i',7 7' . 7 3 . 7 3 Z l',8 8' Z 4',7 7' . 7 2 Z 4' ,7 T Z S 8' ,15 15' . 

ip4—Zj 4 , )77 , Z/ 4 , 88 , ^3 3', 4: ^4', 15 15' 8' 



o Z~ 2 Z~ 2 7 2 7 2 7 2 7 2 

7-2 /'7 7',8 8' Z '7 7',15 15' . 7. . , Z 3 3' ,4 Z 4' ,15 15' Z 4' ,8 8' Z 4', 7 7' . 7 
■^4' 7 7' ^4 4 ^ 



72 72 72 72 72 

2 4,15 15' 4,8 8' 4,7 7' 4 4' 3 3' ,4. 

4,21 21' 



7 2 ~4', IS 



J 4',21 21' 



72 72 72 

" 15' 4', 8 8' 4'7' 



8 8'~4',7 7' . [G ■ [F ■ F 7 7' 3 S 



72 72 
nZ _1 Z _1 \ 7 7', 8 3 3', 8 



72 

Z 3 3', 4 



where 



n — 7 2 , , . Z 3 . Z 3 , , Z 8',15 15' . V-2 Z l 5 2 15',21 21' . <7 ol Z 7 7',8 Z 8',21 21 



' 8' 15 15' . 



J 8',15 15' ^7 7',8 ^8', 21 21 
7 2 . 7 2 Z 8',21 2l' Z 8' is 15' 

^s'.s ^s'.s' 



and 



^2 /v3 /v2 ^7/ 15 15/^3/ 7 ^3 ^3' 7 y '/ 

— ^3' 7 ' L r,\h 15' ' ^3' 7' ' ' Z 3',15 15' " ^15 21' " ^15' 21 • 



The paths related to 2v and Z\y 21 appear in Figure \2Q 



M. AMRAM, C. CILIBERTO, R. MIRANDA, M. TEICHER 



3 




Figure 29. 



(2) The local braid monodromy ^5 has the following form 



<p 5 =Zi, 66 , • G*«*« . Z 5 d , 2222 , s'.ee' . 2 5 /5', 22 22 -^, 66 ' . zi, 



16 16' 



5' 5', 6 6' . 



^2 Z 5',6 6' . ^2 Z 5 5' Z 5',6 6' . 7? 4,6 6' . ^2 Z 5 5'4,6 6' . ^2 Z 5',6 6' 

^5', 16 16' ^5,1111' ^5', 11 11' ^5,9 9' ^',9 9' ' 



where 



J 6 6',9 ^9', 11 11' ^6 6',9' 



1 rr-\ \ ft ft/ Q Q/^O/ 



z 2 ,z 2 



7 2 9', 11 11' . 7 2 73 '"9', 11 11' . 7 ,"91 16 16'^9' 11 11' 

Z 9',22 22' Z 9.22 22' Z 9'.16 16' "^9 9' ' a ' 



J 9,22 22' ^9', 16 16' 



and 



F - Z & 11 • Z U',16 16' ' ^6' U' Zll '' le 16 ' Zfi ' " ' ^6'. 16 16' Z(i ' " " ^16 22' ' ^16' 22- 



v 6',16 16' 



The paths related to Z\q 22' and Zi& 22 are the same ones as in Figure with the 
following exchange of indices: 3 t — > 6, 7 1 — > 11, 15 1 — > 16, 21 1— ► 22. 
(3) The local braid monodromy (p? has the following form 



m „ —7- , 7' 1 . 73 Z 9',10 10' . 72 ^10 10', 12 12' . 7 2 Z 9'.12 12' Z 9'.10 10' 

7^7— ^8 8',9 ^9', 10 10' ^9', 12 12' ^9', 10 10' ^8 8' ,9' 

Cl Z l 8',9 9' Z 9',12 12' Z 9' 10 10' . 7 2 Z 9',12 12' Z 9',10 10' . 73 Z 9',12 12' Z 9',10 10' . 7 2 

<J ' ' ^9', 23 23' ^9', 18 18' ^9,23 23' 

7 2 72 72 

7 n n/ 9',18 18' ^9', 12 12' ^9', 10 10' 



72 72 72 



g -4,ioio' • (F•F z ^3' z ^8\8Y 8 '■ 1010 ^z 8 \ 2 3 2 3, z «'■««' .z 88 ,^' 



7 2 72 

^al n', n^f ^ at 



r, 7 2 r, 7 2 7 2 r, 7 2 r, 7 2 7 2 

7 2 ^8', 10 10' . 72 ^8 8' 8', 10 10' . 72 ^8', 10 10' . 7 2 8 8' 8', 10 10' 

^8', 18 18' ^8,18 18' ^8', 12 12' ^8 "" 



"8.12 12' 



and 



F - Z 12 12', 18 ' ^18' 23 ' ^18 23 12 12 '' 18 ' Z 12 12'.23 ^ ^ ' ' ^10 12' ' Z 10> 12- 



'12 12',23 
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Moreover, the paths related to Z\q \i> and Zw 12 are the same ones as in Figure [2& 
with the following exchange of indices: 1 1 — >• 10, 2 1 — > 12, 13 1— > 18, 20 1 — > 23. 
(4) The local braid monodromy (fg has the following form 



,z?. 



m n = Z 2 , , ■ 7j , ■ 7j , , ■ Zj 2 , ,15 15', 16 16' . 7, . ,,,13 13', 14^14', 16 16' 14', 15 15' 

^9 ^14', 15 15' ^13 13', 14 ^14', 16 16' ^14', 15 15' ^14 14' ' 



(7I \ Z \2, 13', 14 .72 . (72 \ 

^14,17 17V 14', 17 17' V 14,18 18V 



7 2 



'13 13', 14 . 72 

^14', 18 18' 



7-1 7-1 \ Z 17 2 18 18'^ 131; ' Jl 
G ■ F-F Z 18 18' Z 13 13' X 



where 



G — Z 2 , ■ Z 3 , , ■ Z 3 , ■ Z 2 , Z 15 15',17 . 7 1r7 1r7 , Z ?7',18 18' Z W 16',17 Z 1 2 5 15',17 

^ — ^16 16', 17 ^17', 18 18' ^15 15', 17 ^16 16', 17 ^17 17' 



72 . 72 

^13 13', 17 ^13 13', 17 



Z 2 
Z i7> 



17 17' 

,18 18' 



and 

F — Z 13>, 15 15' ' Z 16 16', 18 ' Z 15 16' ' Z W 16 " Z \y 18 13 '' 15 15 ' ' Z 13 18" 

The paths related to Zi 5 i& and Z\% 16 appear in Figure E3 



13 



13 




18' 



18' 



Figure 30. 



(5) The local braid monodromy ifio has the following form 



<P10 = Z W,20 20 ' • ^24 24' 22 22 '* 24 23 23 '' 24 ■ %\ X 21 ' 24' ' Z 



Z~ 2 

. 7 2 ^23 23', 24 . 

22 22', 24 ^21 21', 24 



r iZ x%' 20 20' 7 3 7 3 7 2 7 2 7 2 

' ^23 23', 24 ^19', 21 21' ^19,22 22' ^19,23 23' ^19,24 24'? 



where 



n — 7-2 72 
U —^20 20', 24' ' ^20 20', 24 



7 1 
23 23', 24 . 



ti mZ^ 1 Z~ X \ 23 23', 24 „o 
F • F 23 23' ^20 20' j . Zfg, 22 22' 



^19',23 23' ' ^19',24 24' ' Z 19 l9< Zl9 '' 21 21 ' 



and 



ryZ ryj, ry ry ry2 Z 2 . , „2 

— ^20', 21 21' ' ^22 22',23 ' ^21 22' ' ^21' 22 ' ^20' 23 ' ' ^20 23" 
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The paths related to Z21 22' end Z^v 22 ore the same ones as in Figure [3lk with the 
following exchange of indices: 13 1— > 20, 15 1— > 21, 16 1— > 22, 18 1— > 23. 

5.2.3. TTie products Ci. The deformation also regenerates the parasitic intersection braids 
{Ci}i=i, see Theorem [91 By [18], Lemma 19], we can take the complex conjugations 



Di —D 2 — D4 — Id , D 3 — Z\ 2 , 5 3 3 , , _D 5 — Z| 3 / 55 / , L> 6 — I [ 



(5)(5') 
2 

i' 6 6' , 



i=l,3,4 

(8)(8') 6 (8 )-(9') 

D7 = ] J Zfiij-ji , D$ = [ [ Z^ il 88 , , Dg = I J , -DlO = ^ 2 jj',10 10' , 

«=1,2,5,6 i=l,2,5,6 i=l-4,7 i=l 

10 7 (11)(11') 12 

-Dll = J J j -Dl2 = J f ^ii',12 12' , -Dl3 — ^ii', 13 13' ? 

i = l 1=1 i = 3 

i^5,6,9 i^4,5 
12 (13)(13') 12 (13)-(14') 12 (13)-(15') 

-Dl4 = ] [ Z\ 14/ , -D15 = J J -Z^i i',15 15' , -Dl6 = ] [ -^ii',16 16' , 

;=i i=i i=i 

i^2,6 ^3,4,7,8 i^5,6,9,ll 

12 (13)-(16') 11 (13)-(17') 18 

D\7 = J~| ^fi',1717' ? -Dl8 — |~[ ^li', 18 18' > -^19 = ^i',19 19' ) 

j^7,10 #8-10 i^3 

18 (19)(19') 18 (19)-(20') 18 (19)-(21') 

D20 — I f -^ 2 i i',20 20' j -D2I = J J -^i i',21 21' j -^22 = | J -^ii',22 22' j 

iy475 3 ,13 #3,477,8,15 #5,6,9*11,16 

17 (19)-(22') 18 (19)-(23') 

~^ 23 = IT ^ii',23 23' > -D24 = \\_ ^ii',24 24' • 

i=l i=l 

#8-10,12 #11,12 

Let us denote the regenerations of Ci as Cj, 1 < z < 10. These are the factorizations of the 
suitable _D t , as in ([I]). 



5.3. Properties of the factorization A 2 ^. The braid monodromy factorization A^ 8 is the 

10 

product Yl Ciifi. We now verify that there are no missing braids. 



.2 



Proposition 15. The braid monodromy factorization of S is A 2 ^. 
Proof. By Proposition V.2.2 in [H], degAj 8 = 48 • 47 = 2256. 

10 

Now we check the degree of the factorization Yi Ci'Pi- The monodromies {(fi} i=1 3 6 § each 

i=l 

consist of six cusps and nine branch points, see Section 15.2.11 We combine their degrees to 
get 4- (6 - 3 + 1 • 9) = 4 - 27 = 108. 

In each p f ,i = 2,4,5,7,9,10 (Section [5X2]), degF(F)* = 48. The factors outside F(F)* 
are 20 degree two factors, 12 degree three factors, and 2 degree one factors. Combining 
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the degrees of these, we get 20 • 2 + 12 • 3 + 2 • 1 = 78. Thus deg ^ = 78 + 48 = 126 for 
% = 2, 4, 5, 7, 9, 10, and therefore deg( f] fi) = 126 • 6 = 756. 

1=2,4,5,7,9,10 

The products {Cj}^ consist of 696 nodes, see Section [5.2.31 We combine degrees of their 

10 

factors to get deg f[ d = 696 • 2 = 1392. 

i=i 

10 

Finally deg U Cm = 108 + 756 + 1392 = 2256. Therefore A^ 8 is the desired braid 

i=l 

monodromy factorization. □ 

We now study invariance properties of A| 8 . Invariance properties are results in which we 
prove that the braid monodromy factorization A\ 8 is invariant under certain elements of B 48 . 
Establishing invariance properties is essential in order to simplify the computations which 
follow from the van Kampen Theorem (see [1]); at the end of this section we describe the 
effect of these properties on the application of the van Kampen Theorem. 

The following definitions are necessary in order to prove the Invariance Properties. 

Definition 16. Let g% - • • gu — h\- ■ - hk be two factorized expressions of the same element 
in a group G. We say that g\- ■ ■ gu is obtained from h\ - ■ -hk by a Hurwitz move if 3 1 < 
p < k — 1, such that g>, = hi (i ^ p,p + 1) g p = hphp^h^ 1 and g p+ i = h p or g p = h p+1 
and g p+ i = h'^hphp+i. In general, g\ - ■ ■ gk — hi ■ ■ ■ hk (Hurwitz equivalent) if gi - • • gk is 
obtained from hi • ■ ■ by a finite number of Hurwitz moves. 

Definition 17. Let g\ - ■ ■ gu be a factorized expression in G and h £ G. We say that g\ - • ■ g^ 
is invariant under h if it is Hurwitz equivalent to (gi)h • • • {gk)h, where (gi)h = h~ 1 gih. 

Invariance properties are important in view of Lemma VI. 4. 2 in [T4]: if a braid monodromy 
factorization is invariant under h then the equivalent factorization (A^)^ is also a braid 
monodromy factorization. 

We now quote several invariance rules (the conclusions of Theorems [8], [91 [TO]) . Chakiri's 
Lemma (see [IB]), and make some remarks on invariance properties. 

Invariance Rules 

(1) A braid is invariant under (Za'Zjji) q for any q £ Z. 

(2) A braid Zf jjt (resp. Z\ v ■■!) is invariant under ZL (resp. Z v iV Z q --i) for any p,qeZ. 

(3) Zfjj, is invariant under Z q .-, for any q £ Z. 

Lemma 18. (Chakiri). Let g = g\ - ■ ■ gu be a factorized expression in a group G. Then 
9l m " 9k ^ invariant under g m for any m £ Z. 



Invariance Remarks 
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(1) To prove invariance of g\- • • gh under h it is enough to prove that g\---gt and 
9t+i • ' • 9k are invariant under h. Thus we can divide a factorization into subfac- 
torizations and prove invariance on each part separately. 

(2) An element gi is invariant under h if and only if gi commutes with h. 

(3) If a product of elements that commutes with h is invariant under h, the corresponding 
factorizations are equal. 

(4) If two paths o"i and a 2 do not intersect, the corresponding halftwists H(aY) and H(a 2 ) 
commute. 

(5) If g is invariant under hi and h 2 then g is invariant under h\h 2 . 
We finally prove the Invariance Properties of A^g. Denote Z^ = H(zij). 

Remark 19. The halftwists Zu> and Zjji commute for all i,j, since the path from i to i' 
does not intersect the path from j to j' . 

24 

Lemma 20. Each monodromy among (pi, (p3, (pe, <Ps is invariant under Yl Z-J forrrij G Z. 

Proof. The braids in ipx, ip 3 , ip e , </?g, arise from cusps and branch points (see Theorem [T2"j) . By 
Invariance Rule (3), each braid of the form Z^,- is invariant under Z^,. Each of the braids 
of the form Z}- is invariant under (Z ii /Zjji) q , and in particular, if the braid is of the form 
Z\ t , then it is invariant under Z\ v . 

Moreover, by Remark [TT?| each Z^y commutes with the above braids when k ^ i,j. 

24 

Therefore, each monodromy ipi, i = 1,3, 6, 8, is invariant under Y\ Z^J for rrij G Z. □ 

24 

Lemma 21. Each factorization {Ci}, i — 1, ... ,10, is invariant under Y\ Z,J for rrij G Z. 

Proof. We apply Invariance Rule (2) and Invariance Remark (4) to each Cj to get the desired 
invariance. □ 

We now prove invariance for the monodromy <p 2 . A similar proof will apply for each one 
of the monodromies <p4, (p$, (pi, <fg, <pxo. 

Lemma 22. ip 2 is invariant under (Z^^Zy 5 /) p (Z 13 \yZ w 2 o') q (Zi yZ 2 2 >) r for allp,q,r G Z. 
Proof. Case 1 : p = q = r. 

As proved in [T8"l Lemma 12], the monodromy <p 2 can be written as |~f ZT , A^ 2 . By 

7=1,2,4,5,13,20 

Lemma [T8| (p 2 is invariant under ( Yl Zj}/\\ 2 )~ p . Since Af 2 is a central element, <p 2 

7=1,2,4,5,13,20 

is invariant under (Z 4A <Z 5 5 >) P (Z 13 iyZ 20 20 ') p (^i i'^2 2'Y- 

Case 2 : p = 0. 
Let e = (Z13 i3'Z 20 2 o') q (Zi yZ 2 2 /) r . 



BRAID MONODROMY FACTORIZATION FOR A NON-PRIME K3 SURFACE BRANCH CURVE 23 

(1) Step 1: Factors outside of F ■ F z zo 2o ,z n w. 

Z 4 4/ Z 4'.13 13' Z 4 2 ',5 5' Z 2 2',4 Z 11',4 anC l Z 5 5/ ^ *,6 Z 6',!tD 20' Z 5' ,13 13' Z \ 2' ,4 Z 1 1' ,4 COmHlUte With 6. 

Zf VA , Zf, 13 13 / Z4 '' 5 5 ' , Zl 2 , b Z * 2 '>* Zl i'- 4 and Zf, 20 20 , Z5 '- 13 13,2:2 2 '- 4Zl *'' 4 are invariant under 
e by Invariance Rule (3). 

The degree 2 factors are of the form Z^ a , « where /? = 4, 4', 5, 5'. By Invariance Rule 
(2), they are invariant under Z aa ', and since the other halftwists in e commute with 
Z a p and Z a /p, we get that Z^ al /3 is invariant under e. 

Moreover all conjugations which appear in <p% (i.e. ( )*) are invariant under e by 
Invariance Rule (2) and by Invariance Remark (4). 

(2) Step 2 : Factors in F ■ F^o'^'u'. 

Let p = Ziz i3'Z 2 o 20'- 111 order to prove that F ■ F p 1 is invariant under e, we consider 
the following subcases: 

• Subcase 2.1 : g = and e = [Z\ yZ 2 2'Y ■ 

Z\ 2 , 13 and Z 22 , 20 Z22 '' 13 are invariant under Z22' (Invariance Rule (3)) and com- 

z 2 

mute with Z\\i (Invariance Remark (4)). Thus Z 22 , 13 Z 2 2 > 20 22:13 * s invariant 
under e (Invariance Remarks (1) and (5)). Z\ z , 20 and ■(Zf 3 20 ) Z ' 22 '- ia commute 
with Z\ y and Z 2 2 1 and thus with e. Z\ 2 > ■ Z\> 2 is invariant under (Z\ yZ 2 2 'Y by 
Invariance Rule (1). For F p 1 we have the same conclusion, since Z 2 q 2QI Z^ 313 , 
commutes with e = [Z\ yZ 2 2'Y- 

• Subcase 2.2 : r = , q = 1 and e = Z13 i3'Z 20 20 /. 

Note that in this case e — p. To prove that F • F p 1 is invariant under p, we 
must show that F ■ F p 1 is Hurwitz equivalent to F p • F. Since Aj9 is Hurwitz 
equivalent to BA B , it is enough to prove that F ■ F p 1 is Hurwitz equivalent to 
F ■ {F p y . Thus it is enough to prove that F p is Hurwitz equivalent to (F p ) 
or that (F p ) is Hurwitz equivalent to F p . 

By Theorem[13l F = ^\p- 2 Z- 2 v Z 2 2 2 ,{F- x Y~\ thus F" 1 = F P '\Z X v Z 2 2 ') 2 p 2 Ajj. 
Now we have 

(F'-y- 1 = (^-y^W^VAi c =^ ed (^-y^^ov 

v ' v ' expression v ' 

fP _1 U Z l l'^2 2') 2 P 2 _ ( p(Z 11 ,Z 22 ,) 2 \ P ^ 
Chakiri J J Subcase 2.1 ^ 

• Subcase 2.3 : q = 2q' ; e = (Z 13 i 3 /Z 20 2 o') 29 '(^i i'^2 2'Y- 

F-F p can be written as Ag(Z 13 iyZ 2 o 20')~ 2 (^i \>Z 2 v)~ 2 - By Chakiri's Lemma, 
F ■ F p is invariant under (Ag(Z 13 i3'Z 20 20') 2 (Zi yZ 2 2')~ 2 ) 9 and thus un- 
der (Z13 i3/Z 20 20') 2q ' {Zi yZ 2 2') 2ql ■ By Subcase 2.1, F ■ F p 1 is invariant under 
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{Z\ v Z% 2') r ~ 2q ' ■ By Invariance Remark (5), F ■ F p 1 is invariant under 

(%13 13'Z 20 20') 29 (Zl l'^2 2') 2<1 (Z\ V Z 2 2'Y~ 29 = £• 

• Subcase 2.4 : g = 2q' + 1 ; e = {Z 13 13 ,Z 20 2 vf q '+\Z x V Z 2 2 ,) r . 
It is easy to verify this case by using the prior cases 2.2, 2.3 and Invariance 
Remark (5). 

Case 3 : p,q,r arbitrary; e = (Z 4 A >Z b 5 >) P (Z 13 i3'^20 2w) q (Z 1 V Z 2 2 /) r . 
By case 1, (p 2 is invariant under (Z 44 /Z 5 5') p (Zi 3 i 3 >Z 20 2 o>) p (Zi i'Z 22 >) p , and by case 2 under 
(Z 13 i 3 iZ 20 20 ') q ~ p (Z 1 i'Z 22 /) r ~ p . By Invariance Remark (5), ip 2 is invariant under e. □ 

Corollary 23. Each one of the monodromies <p 4 , (p$, (p?, pg, <piQ is invariant under 
(ZurZjjr) p (Z] t krZii') q (Z mm rZ nn r) r for allp, q,r G Z, where % and j are the diagonal lines around 
the relevant 6-point, and k and I (resp. m and n) are the vertical (resp. horizontal) ones 
(see Figure U\). 

Since the proof of the invariance for the 6-points relies on the invariance of each local 
braid monodromy under such expressions as in Corollary [231, we have to pay attention that 
each diagonal line (except the lines 14, 17, 19, 24 in Figure [TJ at a certain 6-point is also 
a diagonal line at another 6-point. For example, the monodromy ip 2 is invariant under 
(Z 4 4>Z 5 5>) P (Z 13 i3'Z 20 2 o>) q (Zi i'Z 2 2 i) r for all p, q, r G Z (see Lemma 1221) . In addition, the 
monodromy cp 4 is invariant under (Z 44 /Z 88 /) p ' (Z 33 /Z 7 7 /) q> (Z 15 i5>Z 2 i 21 /) T ' for all p',q',r' G Z 
(see Corollary [231) . This implies that p = p' . In the same way, (p$ is invariant under 
(Z 55 >Z 99 i) p " (Z 6& Z llir ) q " (Z 161& Z 22 22 i) r " for all p",q",r" G Z. This implies that p = p" . 
In the notation of Lemmas [201 and I2TI p = m 4 = m^,p' = m 4 = mg,p" = = rug, and 
therefore m 4 = m§ = m s = m 9 . Now, the lines 14 and 17 (resp. 19 and 24) are diagonal 
lines at only one 6-point 9 (resp. 10). Therefore in the above notation, mu = myj (resp. 
m lg = m24 ). 

We now consider the vertical lines. By a similar argument as above, we can conclude that 
m 13 = mis = m 20 = 777,23 from the invariance of (p 2 , tp 7 , ^9 an d <fio- Since the lines 6 and 11 
(resp. 3 and 7) are vertical lines at only one 6-point 5 (resp. 4), we get m 6 = mu (resp. 
m 3 = m 7 ). 

For the horizontal lines, we can immediately conclude that rn\ = m 2 ,m 10 = 777 12 , and 

m 15 = 777i6 = 77121 = ™22- 

Corollary 24. The braid monodromy factorization A 4g is invariant under 

P = (Z\ i'Z 2 2')" 11 (Zq %iZ\\ n/) m6 (Zio 10'Z\ 2 l 2 ') mi °(Z 3 3 iZ 7 7>) m3 (Zi4 u'Ziy iji) mi4 (Zig \giZ 2 4 24') 

(7 V V 7 \ m 4/7 7 7 7 \m1zf17 7 7 7 \ m 15 

4 'Zj 5 5 /Z< 8 g/Z-g 9/ J [Zii 3 13/ Z>ig is' Z/ 2 20' -^23 23' ) 1^15 15 ,z, 16 16 /Z, 21 21 ,z, 22 22' J 
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5.4. Consequences from the Invariance Theorems. We are interested in the funda- 
mental group 7Ti(CP 2 — S) and the fundamental group of the Galois cover of the surface 
(with respect to the generic projection onto CP 2 ). These groups are computed in [I]. 

Here we extract qualitative information concerning the importance of the above compu- 
tations and how they are connected to the groups. 

The van Kampen Theorem [20] induces a finite presentation of the fundamental group 
of complements of curves by means of generators and relations. This is done by applying 
the theorem on the resulting factorization A 2 ^. We take any path from k to £, cut it in M, 
then towards k along the path, around k and coming back the same way. Consider A as 
an element of the fundamental group. Do the same to i to obtain B. See Figure [3TJ Now, 
according to the van Kampen Theorem we obtain a relation which involves A and B. The 




Figure 31. 

following example is illustrative. Consider Figure [321 We construct B by proceeding from 
M towards 5' above 6' and 6 encircling 5' counterclockwise and proceeding back above 6 and 
6'. Therefore B = Q'^'Q- 1 ^ 1 . In a similar way, A = 52'21'151- 1 1'~ 1 2- 1 2'~V 1 . If this 
path is obtained from a branch point (by Moishezon-Teicher monodromy), then by the van 
Kampen Theorem, we have the relation &65'6~ 1 G'~ 1 = 52 / 21'151~ 1 l / ~ 1 2~ 1 2 / ~ 1 5~ 1 . 




' A 



M 



Figure 32. 
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In a similar way, consider paths which are related to cusps (Figure 133]) and nodes (Figure 
BID- From Figure [31 we get three relations BAB = ABA, BA'B = A'BA' and BA"B = 
A"BA" . And from Figure El we get AB = BA and A'B = BA'. 

1 



Figure 33. 



(->• 



Figure 34. 

We now explain the importance of the invariance of A^ 8 (Corollary 124"]) . Let be a path 
connecting i or %' with j or j' and Z^ its corresponding halftwist. We can conjugate Z^ 
by Z u },Zj}. These conjugations are the actions of Z ti } (resp. Zy) on the "head" (resp. 
"tail") of within a small circle around i and %' (resp. j and j'). The "body" of does 
not change under such conjugations and in particular not under Z^J 11 or Zrp for m,n E Z. 
Therefore, Corollary [241 enables us to use Theorem 1.6 from [19] : 

r r 

Theorem 25. If a sub-factorization TJ Zi is invariant under any element h, and FJ Zi 

i=s i=s 

induces a relation A i± ■ ... ■ A it on 7Ti(CP 2 — S) via the van Kampen Theorem, then {A il ) h ■ 
... ■ (Ai t )h is also a relation. 
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That means that we can expand our list of relations, which assists us in the computations 
in [I]: 

24 24 

Corollary 26. Consider p = Yl Pmj = 1~I ^jJ fr om Corollary If R is any relation in 

j-i i =1 

7Ti(CP 2 — S), then R p is also a relation in 7Ti(CP 2 — S), where R p is the relation induced 
from R by replacing Aj with (Aj) Pm , . 
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